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$\mathbb{Z}$ Fp $p$ $X=\{x_{1}, \ldots,x_{\mathfrak{n}}\}$
$F$ $\mathbb{Q}[x1$ $F$ $\mathbb{Q}[X]$ $I$ $p$
$\{_{T}^{a}|a,b\in \mathbb{Z},p\parallel b\}$ $\mathbb{Z}_{p}^{0}$
$\mathbb{Z}$ Fp canonical projection $\phi_{p}$ $\phi_{p}$
$\mathbb{Z}_{p}^{0}$ Fp $\phi_{p}(\not\in)=\phi_{p}(a)x\phi_{p}(b)^{-1}$ $\mathbb{Z}_{p}^{0}[X]$
Fp[X] projection $\phi_{p}$ $\mathbb{Z}_{p}^{0}[X]$ $S$
$\phi_{p}(S)$ $\{\phi_{p}(f)|f\in S\}$
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$I_{p}(F)$ $I_{p}^{0}$ $G$ $\prec$ $I$ $G_{p}$
$\prec$ $I_{p}(F)$
: $R$ $\langle\rangle_{R}$ $R$
$R$ $K[X],$ $K$ $K=\mathbb{Q}$ $F_{p}$ , $X$
1 $\mathcal{T}$ $\prec$ $f\in R$ leading power product (
1 $)$ $l_{P\prec}(f)$ , $ht_{\prec}(f)$ , $hc_{\prec}(f)$ $\prec$
$S$ $lp_{\prec}(S)=\{lp\prec(f)|f\in\dot{S}\},$ $ht_{\prec}(S)=\{ht_{\prec}(f)|f\in S\},$ $hc_{\prec}(S)=$
$\{hc_{\prec}(f)|f\in S\}$ $J$ $J$
$Init_{\prec}(J)=\langle ht_{\prec}(f)|f\in J\rangle$ $H$ $l_{P\prec}(H)$
$Init_{\prec}(H)$ $\prec$
$I$ $R$ Hilbert function $HF_{I}$ ( $HF_{R/I}$
[1] ) Hilbert function
Lemma 1 (1) $I$ $G$ $I$
$HF_{I}=HF_{Init(I)}=HF_{Init(G)}$
(2) $I$ $F$ $I$ $p$
$HF_{I}\leq HF_{I_{p}(F)}$
$HF_{I}\leq HF_{I_{p}^{0}}\leq HF_{I_{p}(F)}$
(3) $I,$ $J$ $I\subset J$
HFI $\geq H$
$I=J$
(1) Theorem 6.2.6 in [3] (2) Theorem 5.3 in [1] Exercise 5.1.5 in
[3] (3)
$p$ luckyness ([1, 2, 8, 9, 14] )
Deflnition 1 (lucky prime) $F$ $\mathbb{Z}_{p}^{0}[X]$
(1) $p$ $F$ compatible $I_{p}^{0}=I_{p}(F)$
(2) $p$ $F$ $\prec$ lucky $I$ $G$ $I_{p}$
$G_{p}$ $G\subset \mathbb{Z}_{p}^{0}[X]$ $\phi_{p}(G)=G_{p}$ ( $G$
$p$ )
(3) $p$ $F$ $\prec$ strongly $\omega$mpatible $P$ $F$ compatible
$Y)$ , $\phi_{p}(Init_{\prec}(I)\cap \mathbb{Z}_{p}^{0}[X])=Init_{\prec}(I_{p}(F))$




Lemma 2 $F$ $\mathbb{Z}_{p}^{0}[X]$
(1) $F$ $I$ $F$ $p$ $p$ $F$
compatible
(2) $p$ $F$ $\prec$ ludcy $p$ $F$ compatible
$I_{p}(F)=$
(3) $p$ $F$ $\prec$ lu&y strongly compatible
(4) $P$ $F$ Hilbert lucky $P$ $F$
compatible ( $I_{p}(F)=$ )
(5) $P$ $F$ $\prec$ luck $p$ $F$
Hilbert lucky
$F$ $\prec$ lucky (unlucky )
Lemma 2 $F$
Hilbert lucky lucky
$F$ $\prec$ strong compatible lucky
$F$ $\omega$mpatible
Lemma 3 (lucky prime ) $F$ $\prec$ ludy




Definition 2 $G$ $n$ $I\cap \mathbb{Z}_{p}^{0}[X]$ $\prec$
(1) $G_{can}$ $F$ $\prec$ $\gamma$Gr\"obner basis candidate $G$ $n$ $\prec$
$P$ $\phi_{p}(G_{can})$ $I_{p}(F)$ $\prec$
(2) $G_{can}$ $I$ $\prec$ $\mu$compatible Gr\"obner basis candidate $G$ $n$
$\prec$ $P$ $\phi_{p}(G$ $n)$ $\phi_{p}(I\cap \mathbb{Z}_{p}^{0}[X])$ $\prec$
$I_{p}(F)$ 2 p-Gr6bner basis




(1) compatibility $G_{can}\subset I$
(2) Hilbert luckyness $\langle G_{can}\rangle\supset I$
3.1 compatible
Proposition 4 (Theorem 2.6 $n[8]$ ) $G_{can}$ $I$ $\prec$ compatible
$G_{can}\subset I$ $G_{can}$ $I$
$\psi$compatible Gr\"obner basis candidate compatiblity $G_{can}$
$\langle G_{can}\rangle$
Corollary 1 $G_{can}$ $I$ $\prec$ $P$-Gr\"obner basis candidate $G_{can}\subset I$
$p$ comptatible $G_{can}$ $I$
$G_{can}$ $I$
$P$ $P$ compatible
Corollary 2 $I$ $\prec’$ $G’$ $\mathbb{Z}_{p}^{0}[X]$ $G’$
$p$ ( $p$ $\prec’$ $G’$ lucky ) $G_{can}$ $I$
$\prec$ $p-$Grobner basis candidate $G_{can}\subset I$ $G_{can}$ $I$
$I$ $G’$ $G_{can}\subset I$ $G_{can}$ $G’$
3.1.1
compatibility Syzygy
Algorithm 1 (Algorithm 15 in [7])
: $F=(fi, ., . , f_{\epsilon}),$ $fi,$ $\ldots,$ $f_{\delta}\in \mathbb{Z}[X]^{l};R^{\iota}$ $\prec$
:syz$(F)$ $(POT, \prec)$ $S$
$\langle F\rangle$ $\prec$ $G=(g_{1}, \ldots,g_{t})$
$tG=C\cdot tF$ $(t, s)$ - $C$




$parrow m_{i},$ $\ldots$ ,m $(POT, \prec)$
$G_{can}arrow M$ $\langle G_{can}\rangle\subset M$ $p$-Gr\"obner candidate
if $G_{\dot{c}an}$ then goto restart
$Sarrow\{h\in R^{s}|(0, h)\in G_{can}\}$
$Garrow\{g\in R^{l}|g\neq 0$ and $(g, h)\in G_{can}$ for some $h\in R^{S}\}$
$Carrow$ $i$ $(g_{i}, h_{i})\in G_{can}$ $(t, s)$ -
retum $(S, G, C)$
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$(f_{i},e_{i})$ $M$ $e_{i}$
$POT$ syz$(F)$ $\langle F\rangle$ $F$
$(m_{1}, \ldots,m_{\epsilon})$
$e_{i}$ $POT$ $e$
1 $(POT, \prec)$ $\mu$Gr\"obner candidate $G$ $n\subset M$
compatibihty $M$
3.2 Hilbert ludcy
HUbert lucky $F$ Amold
Proposition 5 (Arnold : $Th\infty rem7.1$ in [1]) $G_{\infty n}$ $F$ $\prec$ p-Gr\"obner
candidate $\langle G$ $n\rangle\supset I$ $G_{can}$ $\langle G$ $n\rangle$ $G$ $I$
$p$ $F$ Hilbert lucky Lemm 2 (4) $P$ $F$
$\infty$mpatible Corollary 1
Lemma 6 $P$ $F$ Hilbert lucky $G$ $n$ $F$ $\prec$ p-Gr\"obner
candidate $\langle G_{can}\rangle\subset I$ $G$ $I$
Remark lComplete intersection Hilbert function




Deflnition 3 $K$ $K[X]$ $KtX$] $f$ $t$
(homogenization) $f^{h}$ $f$ $K[X]$ $f^{h}$ $K[X,t]$
$t$ 1 (dehomogenization)
$h(X, 1)$ $|$ ,$=1$ $h^{d}$ $K[X,t]$ $T$ $T|_{t=1}$ $T^{d}$
$K[X]$ $L$ $L$ $K[X, t]$ $\langle f^{h}|f\in L\rangle_{K[X,t]}$ $L$
$L^{h}$ $L$ $S$ $\langle S^{h}\rangle=L^{h}$ $S$ $L$
$home\succ$compatible ( Macauley base [6]
)
$X$ $\prec$ $X^{h}=X\cup\{t\}$ $\mathcal{T}^{h}$
$\prec h$
$\mathcal{T}^{h}$ 2 $X^{\alpha}t^{a},$ $X^{\beta}t^{b}$ $X^{\alpha}t^{a}\prec hX^{\beta}t^{b}$
(1) $a+|\alpha|>b+|\beta|$ (2) $a+|\alpha|=b+|\beta|$ $X^{\alpha}\prec X^{\beta}$
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$\alpha=(\alpha_{1}, \ldots, \alpha_{n})\in \mathbb{Z}\geq 0^{n}$ $X^{\alpha}$ $x_{1}^{\alpha_{1}}x_{2}^{\alpha_{2}}\cdots x_{n}^{\alpha_{n}}$ $|\alpha|=\alpha_{1}+\alpha_{2}+\cdots+\alpha_{n}$
$($ $\mathbb{Z}\geq 0=\{n\in \mathbb{Z}|n\geq 0\}$ $)$ $\prec$ degree compatible $\prec h$ $\mathcal{T}$
$\prec h|\tau$ $\prec$
(Proposition 4.3.18, 4.3.21, Corollary 4.3.8, Tutoria153 in [6]
)
Lemma 7 $L$ $\mathbb{Q}[X]$ $\prec$ degree compatible
(1) $G$ $L$ $\prec$ $G$ $L$ homo-compatible
$G^{h}$ $L^{h}$
$\prec h$ $G$ $G^{h}$
(2) $G’$ $L^{h}$ $\prec h$ $G’|_{t=1}$ $L$ $\prec$
$G’$ $G’|_{t=1}$
$(3\rangle F$ $L$ $L^{h}=(\langle F^{h}\rangle :t^{\infty})$ $F$ homo-compatible
$(\langle F^{h}\rangle:t^{\infty})=\langle F^{h}\rangle$
Lemma $8\prec$ degree compatible $F\subset \mathbb{Z}_{p}^{0}[X]$ $I$ degree compatible
$\prec’$ $F$ $p$
$F$ $I$ homo-compatible $\phi_{p}(F)$ $I_{p}(F)$ $hom\triangleright$compatible
Lemma 9 (Theorem 2.4 in [4] 1) $G_{\infty n}$ $F$ degree compatible $\prec$
rGr\"obner candidate $\langle G_{can}\rangle\supset I$ $G_{can}$ $\langle G_{can}\rangle$
$\phi_{p}(F)$ $I_{p}(F)$ homo-compatible $G$ $I$
homo-compatible
$(\langle\phi_{p}(F)^{h}\rangle:t^{\infty})=\langle\phi_{p}(F)^{h}\rangle$
Lemma 9 change of order
Corollary 3 (Theorem 2.4 in [4] $2$ ) $\prec$ degree compatible $F$
$I$ degree compatible $\prec’$ $F$ $\mathbb{Z}_{p}^{0}[X]$
$F$ $\prec’$
$p$ $G_{can}$ $F$ degree compatible
$\prec$
$P$-Gr\"obner candidate $\langle G_{can}\rangle\supset I$ $G_{can}$ $\langle G_{can}\rangle$
$G$ $I$
$\phi_{p}(F)$ $I_{p}(F)$ homo-compatible $\prec$ degree-compatible
$\langle\phi_{p}(F^{h})\rangle=(\langle\phi_{p}(F^{h})\rangle:t^{\infty})\cap\langle\phi_{p}(F^{h})\cup\{t^{k}\}\rangle,$
$k$ $(\langle\phi_{p}(F^{h})\rangle:t^{k})=(\langle\phi_{p}(F^{h})\rangle:t^{\infty})$ $(\langle\phi_{p}(F^{h})\rangle:t^{\infty})=I_{p}(F)^{h}$
$G_{p}$ $I_{p}(F)$ $G_{p}^{h}$ $I_{p}(F)^{h}$
( Lemma 5.3.11 Exercise 5.3.8 in [3] )
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Lemma 10 $K$ $X$ $A,$ $B$ $K[X]$
$HF_{A\cap B}+HF_{A+B}=HF_{A}+HF_{B}$
$G$
$n$ $p$-Gr\"obner candidate $G$ $n\subset \mathbb{Z}_{p}^{0}[X]$ $\phi_{p}(G_{\infty n})=G_{p}$
$\langle F^{h}\cup\{t^{k}\}\rangle$ $\prec h$ $H$
$\langle F^{h}\cup\{t^{k}\}\rangle$ Propoeition 5 $t^{k}$ $\langle F^{h}\rangle$
$k=1$ $k$ $\langle F^{h}\cup\{t^{k}\}\rangle$
$k=1$ $\langle F^{h}\cup\{t\}\rangle$ $F$
$\mathbb{Q}[X]$
Lemma 10
Theorem 1 (Theorem 2.4 in [4] 4) $G$ $n$ $\triangleright$-Gr\"obner candidate $G_{can}$
$\langle G_{can}\rangle$ $I\subset\langle G$ $n\rangle$ $P$ $H$ lucky (
$,$
$H\subset \mathbb{Z}_{p}^{0}[X]$ $\phi_{p}(H)$ $\langle\phi_{p}(H)\rangle$ ) $G_{\infty n}\ovalbox{\tt\small REJECT} aI$
3.3
$F=\{fi, \ldots,f_{m}\}\subset \mathbb{Q}[X],$ $G_{can}$ $I=\langle F\rangle$ $I\subset\langle G_{\infty n}\rangle$







1. $g\in G_{can}$ $\phi_{p}(g)=h_{1}\phi_{p}(fi)+\cdots+h_{m}\phi_{p}(f_{m})$




$z(\phi_{p}(F))$ $S$ $(h_{1}, \ldots, h_{m})$




$g$ $C_{7}$ (cyclic-7) $p=$ 31991
$\phi_{p}(g)=h_{1}\phi_{p}(fi)+\cdots+h_{7}\phi_{p}(f_{7})$ $h_{1},$
$\ldots,$
$h_{7}$ $(r_{1}, \ldots, r_{7})$
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V. G. Romanovski et al. [10] $I$ 8 10
$I\subset\langle G_{can}\rangle$ $G_{can}$ modular






$G_{can}$ $g_{1},$ $g_{2}$ support
syzygy
0 0
$(1.6\cross 10^{5})\cross(3.5\cross 10^{5})$ $2.2\cross 10^{\’{o}}$ $0$ $(l.3\cross 10^{5}$ $)$





(1) Chinese Remainder Theorem(CRT)
(2) Hensel Lifting
(3) ( Buchberger )
(1) CRT : unludcy prime
modp $F_{4}$
mod$\omega$us( ) $G_{can}$ modulus (
modulus ) heuristic
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LUCKY, UNLUCKY : $p_{1},$ $\ldots,p_{k}$ $\ovalbox{\tt\small REJECT}$ $G_{p}$
lucky change-of-order lucky
$I$
$\mathcal{G}=\{lp(G_{p_{1}}), \ldots,lp(G_{p_{k}})\}$ $\mathcal{G}$ $lp(G_{p})$
( ) $G_{p},G_{q}\in \mathcal{G}$ $G_{p}\cong G_{q}\Leftrightarrow lp(G_{p})=lp(G_{q})$
$\mathcal{G}=\mathcal{G}_{1}\cup\cdots\cup \mathcal{G}\ell$
$\mathcal{G}_{*}$. Lemma 3 lucky.
heuristic $\mathcal{G}_{i}$ (cardinality)
(DELETEUNLUCKYPRIMESSB in [4] )
(1) $I$ Hilbert fimction unlucky
(2) $I$ $\mathcal{G}$: $\langle F^{h}\rangle$ $lp(F^{h})$
$H$ bert function unlucky




(3) : trace [12] Hilbert driven [13]
$I$ $F$ $\prec$
TRACE : modp $0$ $\mathbb{Q}$ $0$
$G_{can}$ $G$ $n\supset I$ $G_{can}$ $\langle G_{\infty n}\rangle$
$G_{can}$ $I$
$\phi_{p}(G_{can})$ $I_{p}(F)$ $G_{p}$
$G_{can}$ $F$ $\prec$ rGr\"obner basis candidate
$\infty$mpatible
($T$-1) $p$ compatible Corollary 1 $G_{can}$ $\langle G$ $n\rangle$
$\phi_{p}(G_{can})$ $I_{p}(F)$ $\infty$mpatible
Corollary 2 $F$ $I$
chmge of order





$I[s]=-I\cap \mathbb{Q}[X][s]$ ([1] ) change of
order $G$ $HF_{I}$
( $G$ lucky $p$ Hilbert lucky )
trace $p$ $p$ luckyness
$HF_{I}\leq HF_{I_{p}(F)}$ , dimq $I[s]\geq\dim_{F_{p}}I_{p}(F)[s]$
(Traverso [13] )
($H$-1) trace $s$ dimq $I[s]$ $P$ Hilbert
unlucky ($modp$ $0$ $0$ ) $p$
$p$
($H$-2) $s$ dimq $I[s]$ $s$
Lemma 6
($H$-3) $\phi_{p}(G$ $n)$ $I_{p}(F)$ $G_{can}$ $I$
( Gcan $\langle G_{can}\rangle$ $\langle G_{can}\rangle\supset I$
)






luckyness (Theorem 2.8 in [8] )
$I$ $F$ compatible $p$ $F$ $\prec$ $I$
$F\subset \mathbb{Z}_{p}^{0}[X]$ $p$
Lemma 12 (Theorem 2.8 in [8]) $F\subset \mathbb{Q}[X]$ $I$ $p$ $F$
$\infty$mpatible ( lucky ) $f$ $\mathbb{Z}_{p}^{0}[X]$
$\phi_{p}(f)\neq 0$ $H\subset \mathbb{Z}_{p}^{0}[X]$ $H$ $\prec$ $p$
$\phi_{p}(H)$ $(I_{p}^{0}:\phi_{p}(f))$ $H\subset(I:f)$ $H$ $(I:f)$
$(I:f)$ $H$ $\phi_{p}(H)$ $(\langle\phi_{p}(F)\rangle:\phi_{p}(f))$
(CRT ) $H\subset(I:f)$
$OK$ $H$ $(I:f)$ $H$ $h$
$NF_{F}(hf)=0$
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$(I :f)$ $I\cap\langle f\rangle$
Lemma 13 $F\subset \mathbb{Q}[X]$ $I$ $P$ $F$ compatible (
$F$ $I$ ) $f$ $\mathbb{Z}_{p}^{0}[X]$ $\phi_{p}(f)\neq 0$
$H\subset \mathbb{Z}_{p}^{0}[X]$ $H$ $p$ $\phi_{p}(H)$ $\langle\phi_{p}(F)\rangle\cap\langle\phi_{p}(f)\rangle$
$\prec$ $H\subset I\cap\langle f\rangle$ $H$ $I\cap\langle f\rangle$
saturation saturation
( )
Lemma 14 $F\subset \mathbb{Q}[X]$ $I$ $P$ $F$ compatible
$f$ $\mathbb{Z}_{p}^{0}[X]$ $\phi_{p}(f)\neq 0$ $H\subset \mathbb{Z}_{p}^{0}[X]$ $\prec$
$H$ $p$ $\phi_{p}(H)$ $(\langle\phi_{p}(F)\rangle:\phi_{p}(f)^{\infty})$ $\prec$
$H\subset(I:f^{\infty})$ $H$ $(I:f^{\infty})$
Remark 2. CRT modular ( $I$ : f)
$I\cap\langle f\rangle$ , $(I:f^{\infty})$ slack variable $y$ $\mathbb{Q}[X\cup\{y\}]$
elimination order $X\prec\prec y$ $\langle yF\cup\{(1-y)f\rangle$ $\langle F\cup\{yf-1\}\rangle$ ehmination
ideal ( $F$ $I$ $yF=\{yf|f\in F\}$ )
Lemma 12, 13, 14 $F_{p}$ $\mathbb{F}_{p}[X\cup\{y\}]$ $F_{p}[X]$ elmination ideal





(1), 2 $A,$ $B$ $I=A\cap B$
(2) $I$ $I=A\cap B$ $A,$ $B$
(1) Lemma 13 compatible
Lemma 15 $F_{A}\subset \mathbb{Q}[X]$ $A$ $F_{B}\subset \mathbb{Q}[X]$ $B$
$p$ $F_{A},$ $F_{B}$ compatible ( $F_{A},$ $F_{B}$ $A,$ $B$
) $\phi_{p}(H)$ $\langle\phi_{p}(F_{A})\rangle\cap\langle\phi_{p}(F_{B})\rangle$ $\prec$




(2) $I$ $modp$ 2 $A_{p},$ $B_{p}$
$B_{p}$ $A,B$ $I=A\cap B$
$I=$ $(I:f^{\infty})\cap(I+\langle f^{k}\rangle)$
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Lemma 16 $G\subset \mathbb{Q}[X]$ $I$ $\prec$ $p$
$G\subset \mathbb{Z}_{p}^{0}[X]$ $G$ $\prec$
$P$ 2 $A,B$
$\prec$ $G_{A},$ $G_{B}$ $G_{A},$ $G_{B}\subset \mathbb{Z}_{p}^{0}[X]$ $G_{A},$ $G_{B}$ $\prec$
$p$ $P$ $G,$ $G_{A},$ $G_{B}$ lucky
$\langle\phi_{p}(G)\rangle=\phi_{p}(I\cap \mathbb{Z}_{p}^{0}[X])=\langle\phi_{p}(G_{A})\rangle\cap\langle\phi_{p}(G_{B})\rangle$ $I\subset A\cap B$ $I=A\cap B$
( $\phi_{p}(G_{A})$ $\phi_{p}(A\cap \mathbb{Z}_{p}^{0}[X])$ $\phi_{p}(G_{B})$ $\phi_{p}(B\cap \mathbb{Z}_{p}^{0}[X])$
)
5.3




$P$ $G$ $\prec$ lucky
modular $F_{p}$ $\sqrt{I_{p}(G)}$ $H_{p}$
$H_{can}\subset \mathbb{Z}_{p}^{0}[X]$ $(\phi_{p}(H_{can})=H_{p}$ $)$
Lemma 17 (cf. Theorem 5.5 in [5]) $J=\langle H_{can}\rangle$ $H_{can}\subset\sqrt{I}$
$H_{can}$ $h$ $NF_{G}(h^{k})=0$ $k$ $J=\sqrt{I}$
$H_{can}$ $\sqrt{I}$
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